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Abstract- The determination of the nearshore bathymetry by 

inverting the propagation of the wave field over shallow waters 
as observed by ground based X-band radar has became recently 
part of the coastal monitoring routing.  In this investigation, 
four different wave theories, linear, solitary, modified cnoidal 
and Stokes extended to shallow waters, are inverted by using 
the Dispersive Surface Classificator, DiSC, methodology.  This 
is the first time that the efficiency of the previously mentioned 
theories for the determination of the depth is validated with 
multibeam echosounder data acquired two days before the 
radar data acquisition.  The performance of the four wave 
models for the extraction of the local depth is discussed.  The 
resulted bathymetries in all cases are significant, but the sources 
of the error are different.1 

I. INTRODUCTION 

The understanding and the monitoring of the governing 
processes in the coastal areas is essential for the fulfillment 
of the requirement for the protection, development and safe 
and sound management as the coastal regions are important 
for economic, environmental and social aspects, this guide 
the marine scientists to the development of systematic 
monitoring of the coasts with the highest possible spatial and 
temporal resolution.  At the littoral region, the ocean waves 
shoal and interact with local morphology and the undergoing 
processes.  More specific, the hydro- and morphodynamic 
processes in coastal areas are affected by the (tidal) currents 
and the sea state leading to a transport of sediment along of 
sandy sea floors.  Vice versa the (tidal) currents are 
influenced by changes of the actual bathymetry.Those 
phenomena are more severe during storms, when the data are 
difficult and costly to be collected.  Under those 
perspectives, the utilization of remote sensing systems, 
among them the ground based X-band radars, dawns for the 
operational monitoring of the local oceanographic 
parameters; several different techniques have been developed 
and applied around the world coasts. 

The subject of the current investigation is the 
determination of the coastal bathymetry by analyzing 
inhomogeneous image sequences of dynamic dispersive 
boundaries to determine the hydrographic parameters and 
reformatting it in local scale by using four wave theories.  
                                                           
1 This work was supported by in part by the EU project 
OROMA EVK3-CT-2001-00053 and by in part by EU 
project ENCORA TG-2008-DE-02. 

The objective is the validation of the four different 
bathymetries by using data from multibeam echosounder.  
The core method of this research effort is the Dispersive 
Surface Classificator, DiSC, which has been presented 
recently [1].  

In the next section, there is an overview of the ground 
based radar application for the determination of the 
bathymetry, followed by the summary of the inversed wave 
theories.  The area of investigation, the experimental set-up 
and the data acquisition are presented in the fourth and fifth 
section respectively; the results of the inversion are 
illustrated and discussed in the section 6. 

II. REVIEW OF RADAR DEDUCED BATHYMETRY 

The determination of the bathymetry in coastal 
environments by utilizing the ocean wave shoaling 
photographic imagery and the observed reduction of ocean 
wave phase speed with decreased water depth is used since 
the WW-II [2]; up to now this basic idea has been used 
successfully, based on video imagery systems e.g. [3] and 
[4].  In parallel ground based microwave imaging methods of 
the wavefield has been developed.  Grazing incidence radars 
have been built and used for research purposes, leading to a 
broad understanding of the physics of sea clutter, which 
underpins the interpretation of image data captured from 
marine radars [5]. 

The first application of the wavefield monitoring has been 
published in early 60’s, by [6], after him, several such as [7] 
and [8], have published photographs of a radar scope 
showing waves; the quantitative extraction of wave 
properties has been introduced by [9] and [10].  Making use 
of the digitized radar images, the 2-dimensional [11] and 3D 
[12] spectra of the spatial radar images were calculated.  The 
development of stable spectral analysis leads to the 
development of stable methods for the extraction of the 
spectral wave characteristics [13]-[17]. 

The last decade, several methodologies for the bathymetry 
reckoning have been published based on the measurement of 
the wave celerity and by inverting an established wave 
theory the local depth is calculated.  In reference [18], the 
motion of the wave crests is traced by spatial cross 
correlation in time, the distribution of the wave phase speeds 
is estimated and the depth is calculated by using the linear 
dispersion relation.  In 2000 [19], they took into 
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consideration also the surface current field and by applying 
3D spectral filtering on the 3D complex image spectrum, 
they isolated the interesting spectral parts of the wave field 
which were inverted in local scale also by linear wave theory 
for the determination of the bathymetry.  A similar method 
was presented in reference [20]; the result is validated with 
spot in-situ measurements, which shows phase agreement but 
differences in the magnitude.  In reference [21] are 
extensively discussed the occurred ambiguities from the 
inversion of the linear theory for the determination of the 
bathymetry.  In reference [22], a similar method is presented, 
its main difference with the previous investigations is at the 
calculation of the wavenumber, was based on the maximum 
entropy method. 

In 2004, in reference [23], the Hedges wave dispersion 
relation is inversed with significant results and since then this 
algorithm has been ameliorated and validated several times 
e.g., [24], [25].  The most recently presented methodology in 
the subject is the Dispersive Surface Classificator, DiSC [1], 
which analyzes inhomogeneous image sequences of dynamic 
dispersive boundaries to determine the physical parameters 
(bathymetry and current field) based on the deformation of 
the wave spectrum and its reformation in local scale by using 
the linear wave theory.  This methodological approach is 
mature enough, currently is utilized quasi-operational, and 
has been constructed within the last decade, [19], [26], [27], 
[28], [29], [30].  The accuracy of the linear version of DiSC 
is of the order %)10(O  in comparison with echosoundings 
[31]. 

III. INVERSED WAVE THEORIES 

Based on the ratio 32 / hHL  [32], where H is the wave 
height, L the wavelength and h the local depth about the 
validity of different wave cases governing the nearshore 
hydrodynamics, four different theories have been selected for 
the calculation of the bathymetry. 

The linear theory (LWT), the modified cnoidal (MCN) by 
[33], a modified composite model (CHB) based on [34] and 
[35] and the composite model (CKD) presented in [36], are 
inverted.  For the sake of simplicity and easier 
comprehension, the monochromatic approaches of the four 
wave theories are summarized in the following paragraphs; 
more details could be retrieved by textbooks on 
hydrodynamics.  In all cases, it is assumed that the wavefield 
is the sum of individual wave planes modeled by the four 
different wave theories. 

In all four cases the used symbol are the same; the sea-
surface waves are deformations at the air-sea boundary and 
are characterized by their wavelength L  (or reciprocally, the 
wavenumber Lk /2π= ), height, H , and the wave period 
Τ  (or reciprocally, the angular frequency Τ= /2πω ) and 
the water depth over which they are propagating )(xh .  The 
speed of the wave, celerity, is defined as the distance l that a 
wave crest or trough covers in timeτ , in mathematical terms 

τ/lc =   (1).  

A. Linear wave theory 
The linear wave theory is the simplest possible and it 

emerges as solution of the general equations of motion under 
the following assumptions:  The depth is considered constant 
and the seabottom locally horizontal, the waves are periodic, 
the motion is 2 dimensional, restricted to the plane ),( zx , 
the viscous and turbulent stresses are neglected, so the 
motion is consider as irrotational and the wave height is 
much smaller than the wave length.  The dynamic and 
kinematic boundary conditions have been set to the sea 
surface and seabottom. 

The dispersion relation of the gravitational, wind-
generated, steady current dominated wave is equal to:  

cukkhgk ⋅+= tanhω  (2) 

where cu is the near surface current. The term 

cD uk ⋅=ω is called the Doppler frequency and indicates 
the effect of the near-surface current, leads to a frequency 
shift of Dω . 

B. Non-linear wave theories 
In coastal regions and for long waves in intermediate depths 
the ratio of the depth over the wavelength becomes relative 
small.  The waves are considered weakly dispersive and 
weakly non-linear; under those two classical Boussinesq 
assumptions and for uni-directional traveling waves, the 
analytical solution for periodic waves of constant form is 
cnoidal, which in reference [33] was simplified to: 

( ) cukhHmfghk ⋅++= /)(1ω  (3). 
It is proven, in the same publication, that the accuracy of 

the equations (3) is significant.  From [37], the expected 
single value for )(mf is approximately 0.4.  In the reference 
[38] the )(mf term is calibrated to a single value and 
defined that for the coastal zone the )(mf  varies between 
0.42 and 0.48. 

C. Composite models 
Composite models have been introduced and attempt to 

span the transition from non-breaking to breaking waves in 
the intermediate depth of the shoaling regions.  Specific 
scientists have focus on the subject and have produced a 
range of different dispersion relations, the last three decades, 
among others [34], [36].  

In reference [34], the celerity equation arising from the 
linear wave theory it is modified to agree with the equivalent 
solitary wave expression as shallow water conditions are 
reached.  This modification is based on the inclusion of the 
wave height in the linear dispersion relation:  

cukHhkgk ⋅++= )(tanh αω  (4) 
The equation (4) agrees with the usual linear theory 

expression for deep water conditions and the solitary theory 
solution is shallow water.  The term a of (4) has been 



 

empirically calibrated and its value varies between 0.4 [23] 
and 0.5 [35], in this investigation has been set equal to 0.48. 

The model of [34] was extended in reference [36], to 
include wider range of relative water depths.  The phase 
speed is given by the following set of equations: 
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This method extended the effects of non-linear dispersion 
in a monochromatic Stokes wave model into water depth 
which are too shallow for Stokes theory to retain the validity 
and provides a smooth match between the Stokes theory and 
the empirical shallow water dispersion (4).  The model 
collapses to linear when 0→H  and it tends asymptotically 
to the Hedges model when 01 →f and 12 →f . 

IV. AREA OF INVESTIGATION  

The area of research is the West List, north-west side of 
the Sylt Island, laying in the German Bight.  The Island of 
Sylt is located on the West coast of Schleswig-Holstein at the 
North Sea coast of Germany.  The acquired radar images 
cover the tidal inlet at List West, the Lister Landtief, 
maximum depth 11m, and parts of the Lister Tief maximum 
depth 40m, Fig. 1.   

The tide, in area of Sylt is semi-diurnal and the tidal range 
reaches approximately 2 m, which causes cross shore 
transport through the channels between the barrier islands. 
The long shore transport along the coast is mainly wave-

induced.  Tidal currents are dominant seaward of the 

longshore bar, with resulting sediment transport to the North.  
In general, the synergy of the waves and tides continuously 
erode and transfer northwards the sediment from the sandy 
shore and foreshore area, causing structural erosion [39]. 

V. DATA ACQUISITION 

The main instrument for this investigation is a ground 
based X-band radar, for the determination of the bathymetry, 
and a multibeam echosounder, for the validation of the DiSC 
method.  In addition, oceanographic in-situ data: wave 
parameters, water level and wind data, were acquired.   

A. X-Band radar 
The used instrument for the acquisition of the sea-surface 

is a software-hardware combination, presented by [16] as 
part of the Wave Monitoring System (WaMoS), consisted by 
a Furuno FR 1201 nautical radar, a WaMoS II analog-digital 
converter and a WaMoS II software package only for the 
acquisition of the radar images; the polarization of the 
system is horizontal.  The radar was mounted 25m above the 
German reference level, Normal Null (NN) for 
approximatelly six years; the period of the present 
investigation, the image sequences were recorded hourly 
from 23:00 UTC on 26.08.2003 to 10:00 UTC on 
27.08.2003. 

B. Multibeam echosounder 
The bed relief of the surveyed area was mapped by 

coupling multibeam survey technique with high accuracy 
positioning, order of centimeters.  Bed survey was carried 
out by means of the multi-beam echosounder EM 3000™ 
from Simrad-Kongsberg.  The multibeam echosounder 
measurements were further processed in a digital terrain 
model (DTM), with “Seabed” algorithm, [40].The resulted 
bathymetry for each grid cell is qualified according to the 
containing number of data points, exceeding the 25.  The grid 
size of the terrain model is 2 m × 2 m; for the comparison 
with the DiSC results, the echosoundings have been averaged 
spatially in the radar grid with resolution 40 m × 40 m, at the 

Fig.  2. The bathymetry of the area in (m), acquired by multibeam 
echosounder with spatial resolution: 40 m x 40 m.  

Fig.  1. The area of investigation, the onshore black denotes the position 
of the radar mast, the dashed circle the area covered by the radar, the 

blue dot denotes the position of the waverider and the rectangular 
illustrates the exact area of the DiSC bathymetries.. 



 

same coordinate system, Fig. 2.  The dataset for the present 
investigation were acquired on 25.08.2003. 

C. Oceanographic and meteorological data 
The interesting weather parameters, wind direction and 

speed were measured by the meteorological weather station 

mounted on the radar mast, approximately  
23 m above NN.  The wind conditions for more than 36 
hours before the data acquisition were constantly from NW 
stronger than 8m/s and were increasing up to 18m/s during 
the sampling (Fig. 3). 

The wave heave and direction was measured with a 
directional waverider Mark I, which was moored at a single 
point to ensure the sufficient symmetrical horizontal buoy 
response; essential in this case as it lays in the area covered 
by the radar at approximately 5m depth.  The buoy is moored 
at 55°03,26N, 08°23,42E Fig. 1.  The conditions during the 
radar observation are more severe than 5Beaufort therefore 
the waves are long enough to carry the bathymetric 
information and the backscatter energy to be significant,  the 
significant wave height was varying between 1.2 m and 
1.7m, Fig. 4.  The tide data were acquired at the 
hydrographic pile in Hoernum of Sylt Isle; the tidal shift due 
to the distance is calculated according to the tidal chart.  
During the experiment, the tide had a normal period of 12.3 
hrs and approximately 2 m range (Fig. 4). 

VI. DISPERSIVE SURFACE CLASSIFICATOR 

The Dispersive Surface Classificator, DiSC, has been 
presented in [1]; the method requires stationarity and 
inhomogeneity of the wavefield.  The DiSC is a multi-step 
method, the radar data system acquisition yields image 
sequences in polar coordinates, for the minimization of the 
computational time, the discrete raw-image sequences are 
transformed to image sequences given in Cartesian 
coordinates. The first step of the algorithm is the 
transformation of the image sequence to the spectral domain 
by 3D FFT, preserving the complex-valued 3D FFT image 
spectrum.  By using filtering techniques, the complex-valued 
image spectrum is decomposed and the wave signal is 
separated from the noise and simultaneously the direction 
and the dispersion of the complex-valued spectrum is 
separated into spectral bins at 2D wavenumber planes of 
constant frequencies. 

The next step is the 2D inverse Fast Fourier 
Transformation of the spectral bins, yielding complex-values 
to one-component spatial maps in the spatio-frequency 
domain, which are used for the calculation of spatial maps of 
local wavenumbers from the one-component images of 
constant frequency.  The resulting, one-component local 
wavenumber are composed to maps of constant frequency to 
local 3D spectra and finally by using the spatial maps of 
local wave number vectors and power for the calculation of 
spatial hydrographic-parameter maps; at this step the four 
different wave theories are applied. 

The method was applied in a 12-hour dataset of radar 
images.  For increasing the degrees of freedom, all DiSC 
maps of the tidal cycle were averaged, as it is assumed to be 
statistical independent measurements.  The spatial resolution 
of the DiSC result is approximately 40m x 40m; the DiSC 
bathymetry is referenced to NN by applying tidal correction 
from the tidal measurements. 

VII. RESULTS AND DISCUSSION 

Hourly bathymetric maps with all the four models have 
been produced for the period of a tidal cycle, 12h.  The 
spatial resolution of the result is 40m x 40m and they are 
georeferenced according to the position of the radar.  To 
increase the significance of the result, the 12 bathymetries 
were averaged in time and a common reference level 
between the average DiSC and the echosounder bathymetries 
has been established by applying the tide gauge correction, 
Fig. 5.   

All the four models provide reasonable bathymetries in 
comparison with the echosounding data; the main 
geomorphological features are mapped precisely.  The 
shoaling at the North West side, the edge of the main ship 
channel to the north the secondary channel in the middle of 
the area of investigation and in general the bathymetric 
gradient to the whole region. 

Fig.  3. The wind speed and direction during the radar data acquisition. 

Fig.  4. Top: the significant wave height during and bottom: the tidal range 
during the radar data acquisition. 



 

 

 

 

 
Fig.  5. The DiSC extracted bathymetries in (m), from top to bottom: LWT, 

MCN, CHB and CKD 
The visual comparison of the DiSC bathymetries shows that 
the inversion of the LWT provides deeper estimation of the 
bathymetry and the MCN provides the shallower bathymetry 
than the remaining three models in each case.  With none of 
the models is possible the determination of the bathymetry in 

the north deep ship channel, this is due to the length of the 
propagating waves. 

The performance of each model for the extraction of the 
bathymetry is validated with the ground truth data, Fig. 6.  
The correlation of the LWT, CHB and CKD DiSC 
bathymetries is significant; the scatter plots for these three 
methods demonstrate clustering of the results.  The first 
cluster lies between 4.5m (the lower limit depends on the 
available echosoundings bathymetry) and 10m; at this cluster 
both methods present significant correlation (1 by 1) with the 
surveyed bathymetry.  The second cluster is formed from the 
depths higher than 10m, where there is a clear 
underestimation of the depth due to the actual wave length.  
The underestimation of the deeper areas is the main reason 
for the inclination of the trend lines from the y=x line. 

 

 
Fig.  6. Multibeam echosounder bathymetry versus DiSC deduced 

bathymetries. The regression lines are linear fits across the data and it is 
estimated by least squares fit. The solid line is the y=x line. 

 
The regression lines show a constant shift from the 

echsoundings bathymetry, but the tilt of all of them is 
constant approximately 0.65.  The common plot of the three 
regression lines confirms the expected behavior of the three 
models; the line corresponding to the LWT (black dashed 
line) is almost parallel to the one corresponding to the CHB 
(blue coarse dashed line), but the trend line of the CKD (red 
dashed line) in shallow waters is identical with the CHB and 
in the deep areas is identical with the LWT.  The CHB and 
CKD require the local wave height as input, in this case the 
significant wave height measured from the wave buoy is 
considered as a global value for both dispersion equations; 
this caused the offset between the LWT and the CHB 
models.  



 

The MCN model has also the expected trend from the 
theory, as the dispersion shell is dependent only to the depth 
and not the wavenumber.  The tilt of the regression line is 
0.27, fact that proves that the model performs well only at 
the shallow areas and systematically underestimates 
significantly the areas over 7m. 

The relative error of the four methods was calculated and 
spatially plotted in order to define the error sources Fig. 7.  
The spatial distribution of the error illustrates the main 
sources of the error. In the LWT, CHB and CKD cases, the 
bathymetry for deeper areas than 10m is underestimated due 
to the lack of long waves; similarly the MCN underestimates 
all the areas deeper than 7m.  The bathymetric gradient is the 
second source of the error.  The accuracy of all the methods 
is reduced over the steep sides of the ship channels and at the 
areas with sand dunes.  The error of the LWT over the slopes 
exceeds the 40% and it is spread over a larger area in 
comparison with the CHB and CKD, which have low 
accuracy only over the steepest slope, 2 grid cells.  In 
addition the two composite models have higher accuracy to 
the shoal and closer to the coast due to the adapted wave 
model; contrary the LWT overestimates the bathymetry in 
the ship channel less than 5%. 

VIII. CONCLUSIONS AND OUTLOOK 

The inversion of four different wave theories, under the 
previously mentioned assumptions proved that the 
determination of the local bathymetry is possible by inverting 
the wavefield propagation in the nearshore region.  The 
performance of the first order Stokes (LWT), the modified 
solitary based on the linear dispersion (CHB) and its 
extension to the 3rd order Stokes (CKD) is comparable and 
all the three of them result significant bathymetries.  In 
general, their performance depends on the actual wave 
conditions, but the individual performance depends on the 
selected dispersion equation.  The inversion of the LWT 
provides more accurate results in the deeper areas, contrary 
the inversion of the CHB and CKD determine with higher 
accuracy the depth over the steep slopes and in the shallower 
areas.  The MCN bathymetry is significant only in the areas 
shallower than 7m.   

The criterion for the adoption of one of the models should 
be the geomorphology and the hydrodynamics of the 
monitored area.  At coastal regions which are deep with 
extended fetch and steep near the shore, e.g. west side of Sylt 
Isle, the linear model could be applied with significant 
results. Contrary, in shallow, protected areas with limited 
fetch, e.g. in the Watten Sea, the cnoidal model should be 
applied.  In the intermediate regions, probably one of the 
composite models could provide significant depths. 

This investigation is one step closer to the establishment of 
a global ground-based remote sensing method. Even though 
that the accuracy of the method is a prodigious achievement, 
the combination of more than two wave theories, depending 
on the local conditions, and the further development of the 

algorithm, including local effects, e.g. wave height, could 
ameliorate it. 

 

 
Fig.  7. The relative error of DiSC extracted bathymetries in (%), from top to 

bottom: LWT, MCN, CHB and CKD. 
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